We improve Hawking's equilibrium theory of an isolated system consisting of a black hole and radiation, taking account of the modification of the energy and the entropy of the radiation due to the background Schwarzschild geometry. The effect is found to become recognizable when the total energy is less than about 10 4 times Planck mass.
Prog. Theor We improve Hawking's equilibrium theory of an isolated system consisting of a black hole and radiation, taking account of the modification of the energy and the entropy of the radiation due to the background Schwarzschild geometry. The effect is found to become recognizable when the total energy is less than about 10 4 times Planck mass.
The thermodynamics of a black hole is one of the most interesting subject §; At first sight the second law of thermodynamics seems to be 'transcended' i) if there is a black hole. But Bekenstein made an important conjecture: The second law can be generalized if a black hole is assumed to have an entropy proportional to its area!) This conjecture was supported by Hawking's radiation theory.3) According to them a Schwarzschild black hole of mass M has the entropy SBH=47(M 2 and the temperature TBH =1/87(M. (We use the Planck units in which we set c= G=kB=h=l.) Then it is at least of conceptual interest to consider an isolated system consisting of a black hole and radiation and examine its possible equilibrium states. (There is no equilibrium state for a black hole in a radiation heat bath because of its negative specific heat.) This problem was first taken up by Hawking!) He applied the conventional thermodynamic method to this system. Namely he considered a partial equilibrium in which the mass of the black hole constrained to be M and the surrounding radiation is separately in equilibrium by itself. Assuming that the temperature of the radiation is uniform, he calculated the total entropy of the system and examined it as a function of M, keeping the total energy and the volume fixed, to determine the true equilibrium state. Further details were given by Page. 5 ) (For more on phenomenological thermodynamics, see Gibbons and Perry6) and Davies. 7 »)
The first objection to Hawking's treatment is that the volume of the system is not defined when there is a black hole. The second is that the temperature of the radiation would not be uniform. Obviously these points are irrelevant if the size of the system is much larger than the size of the black hole in it. In this letter we investigate how the results of Hawking and Page are modified when the two . sizes become comparable. We shall treat the radiation as a classical fluid in the background geomentry produced by the black hole. Although our treatment is not selfconsistent in that it neglects the back reaction of the radiation on the geometry, which we shall briefly touch upon at the end, it would be of heuristic value when one tries to understand the result of a more complete treatment in future.
We consider a spherical container with surface area 47(RZ, which contains a black hole at the center and the blackbody radiation in the surrounding space. The total energy of the system is denoted by E. Thus Rand E are the independent thermodynamic variables. In the spirit of Hawking we consider a partial equilibrium such that the mass of the black hole is M. Let T( r) be the local temperature of the radiation at the radius r in the Schwarzschild coordinates. Then the energy E and the entropy S of the system may be expressed as the sum of the contribution of the black hole and that of the radiation: (2) where 15= 7(2/ 15 is the Stephan-Boltzmann constant and g=nb+ (7/8) nf with nb and nf being the number of species of bosons and fermions in the radiation respectively. The measures dVE and dVs and the lower limit Re of the integration will be stipulated below.
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We discuss the effects of the background Schwarzschild geometry in three steps: [1] We note that the proper volume available for the radiation is different from the Euclidean value, and put
and Re=2M, but we assume the uniform temperature T(r)= T=. [2] We continue to use Eq. (3), but we incorporate the non-uniformity of the temperature through the Tolman relation 8)
Since the integrals diverge, the lower limit Re must be chosen somewhat larger than 2M. [3] We take account of the gravitational potential energy of the radiation") by putting
The other quantities dVs, T( r) and Re are the same as in [2] .
For each of these steps, the integrals in Eqs. (1) and (2) can be evaluated in closed forms and expressed as functio~s of y=2M/R and ~=Re /2M. Eliminating T= from Eqs. (1) and (2), we obtain the following formula for the reduced entropy: 3.) Note that y can be expressed as
Therefore the entropy s can be expressed solely in terms of x with I and E being two parameters.
The' resulting function s(x; I, E) can be used to classify the equilibrium states of the system.
Before we examine the equilibrium states of this system, we study the behaviour of the effective volumes Fi for y~l. As seen from Eq. (6) (8) F3(y, ~)=1+3y+9y2+Q(y3Iny).
The cutoff parameter ~ appears only in the coefficients of order y3 and higher in F2 and F3. The existence of these regimes was first observed by Hawking 4 ) and Page,5) who neglected the effect of the background geometry and used Eq; (5) with F=1 to obtain IH=1 and le=0. 2556 .
It is clear from our previous discussion on the effective volumes that these results are valid in the high energy limit. The lowest order (in E-213 ) correction to them can be calculated analytically as
where CI =C2 =1 and C3 =4. Let us comment on the cutoff parameter ~, which we do not know how to determine. A rough guess is to choose ~=1. 5 . That is Re =3111, where the effective potential for a photon (treated by the geometrical optics) moving in the Schwarzschild geometry has a peak. II) In order to support this guess one might rely on the work of -Page,") who approximately evaluated the expectation value of the stress tensor for a conformally invariant scalar field in the HartleHawking vacuum. His work indicates that the energy density roughly obeys the Tolman relation for r>3M. Unfortunately a corresponding calculation does not exist for the electromagnetic field. IO ) In any case our results are rather insensitive to the choice of ~. For example, if we vary ~ between 1.01 and 1.5, qualitative changes appear only for E < 10 2 in the results of steps [1] and [2] , while the changes in the result of step [3] is hardly recognizable on the scale of Figs. 3 and 4. N ow let us discuss the validity of our basic equation (5) within the phenomenological framework. Obvi9usly the radius of the container R must be larger than the Schwarzschild radius 2E. The curve i(=l, 2, 3) correspond to step [iJ. We use ~ = 1.5. The curve A denotes the results of the lowest order approximation given by Eq. (10) for the steps [1] and [2] and the curve B denotes that for step [3] . The broken line is the result of Hawking. The notation is the same as in Fig. 3 . The broken line is the result of Page. equation (5) exhibits two peaks, one at x =XE (O<XE<l) and the other at x=O. These pathological features indicate that Eq. (5) is not valid for all I;;;;' IE. Indeed our treatment of the radiation as a classical fluid may be justifiable only if the characteristic thermal de Broglie wave length A is shorter than the size of the cavity L.
The inequality L > A determines a domain in which the parameters I, E, x can lie. But the value (XE, IE, E) falls outside the domain. Therefore th~ first difficulty (the peak of entropy at x = x E) appeared only because we ext~aporated our theory beyond the region of its validity. The second difficulty (the peak at x = 0) remains even if I is restricted to I;;;;'IE. This is because we have neglected the self-gravitating effect of the radiation. In order to take this into account one may use the Bondi equation which describes a self-gravitating perfect fluid. 12 )-14)
The mass inside the sphere of radius r can be expressed as m(r)=47rfo T pr 2 dr+m(0), where pis the energy density. It is found numerically that m( r) ~0.246r Finally let us comment on a more ambitious program to treat the whole problem including the self-gravitating effect of the radiation consistently. Recently Zurek and Page considered a singular solution of the Bondi equation and interpreted it as a black hole in equilibrium with radiation. 13) They did not, however, endeavor to obtain the total entropy as a function of M, E and R. In order to do so, we should impose the boundary condition for the energy density p=ag{T BH (1-2E/R)-1/2}4 at the surface of the container, and solve the Bondi equation to determine the state of the radiation outside the black hole. We have tried this only with a limited success, the fundamental difficulty being the ambiguity where to choose the boundary between the black hole and the radiation.
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